Adaptive and Distributed Coordination:

Behaviors, Sensors, and Geometric Optimization
Block Island Workshop on Cooperative Control, June 2003

Francesco Bullo and Jorge Cortés

Coordinated Science Laboratory
” University of lllinois at Urbana—Champaign
1308 W. Main St., Urbana, IL 61801, United States

™ bullo@uiuc.edu, http://motion.csl.uiuc.edu

Scalable robotic coordination and nonsmooth
dynamical systems

/(\ ~~~~~~~~

\
r‘/‘l \ /,'
Fo /
BN /

Basic behaviors

“move away from closest”

“move towards furthest”

Conjectures: critical points? stop? optimize? local minima? equidistant?
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1-center optimization problems

smg(p) = min{|[p —q|| | ¢ € 0Q} lgg(p) = max{[[p —ql|l | ¢ €0Q}

“move away from closest edge” converges to incenter of () = argmax smg

“move toward furthest vertex” converges to circumcenter of () = argmin lg,

Geometric “proof”
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Multi-center optimization problems:
cost functions for sphere packing and disk covering

Hsp(P) = minimum 1 distance between sites and to wall
=min {zlpi —p;lll i#5€{1l,...,n}} =
Hpc(P) = maximum distance between sites and Q

:I(?eag min{|lg —pi|| | 1 € {1,...,n}} = max lgy, (p)(pi)

“move towards furthest”

“move toward circumcenter”

Aggregate/network performance measures

Locational optimization

mlgnH(R V) = InI;IlE [Hliln lq —PiH}

Locational optimization — worst case scenario

m}inHDc(P, V)= m}in max [miin llg — pz||}

Locational optimization — non-interference scenario

— : 1
max Hsp(P,V) = maxmin [3|pi — p;ll]

top-down: from cost function to gradient descent

bottom-up: given flow, does it optimize some appropriate cost?

Nonsmooth analysis

Clarke, Paden, Sastry, Shewitz, Bacciotti, Ceragioli

(i) Take locally Lipschitz and regular (LL&R) map f: RY — R.

(ii) Rademacher's Theorem: LL functions are differentiable a.e.
af(z) = co {ilirgodf(a:i) | @ — o, 2 € QU S}
(i) Useful Theorem: f(z) = min{fi(x),..., fm(z)},
Of (x) = co{0f;(x) | i active at x}

(iv) Ln = least norm operator

(v) if g extremum for f, then 0 € 9f(xo)
if 0 € 0f(xz0), then

f(zo — € In[df](x0)) < f(zo) — %H Ln[9f])(xo)|?
f(zo + € In[df](x0)) = f(xo) + %H Ln[9f](xo)|?

Filippov solutions and set-valued Lie derivatives for inclusions
(i) ¢ € X(x) with X measurable and essentially locally bounded

(ii) Filippov solution is absolutely continuous function t € [tg,t1] — z(t) s.t.

z € K[X](x) :co{'lim X(z) | xp —x, x ¢S}

1— 00

(iii) set-valued Lie derivative: (closed bounded interval)

Lxfx)={aeR| e K[X]|(z)st.C-v=a, V(€ df(zx)}

(iv) Useful Theorem: A LL&R function f : R — R along the Filippov
solution t — z(t) of differential inclusion X satisfies: ¢ — f(z(t)) is
differentiable a.e. and

& Jalt) € Ex ()



Nonsmooth LaSalle Invariance Principle for differential inclusions

If f=1(< f(x0)) bounded and max Lx f(z) <0
®X (29) — largest weakly invariant in {ZL‘ € f~HU< flzo)) | O€ Exf(x)}

Comments:

(i) weakly invariant = there is a solution inside set
strongly invariant = all solutions inside set

(il) max Ly f(x) < 0 or empty
(iii) connected component of f~1(< f(zo)) containing x

(iv) e.g., nonsmooth gradient flow & = — Ln[df](x) converges to critical set

1-center optimization problems — revisited

smq,lgg: @ — R are LL&R and

Jsmq(p) = co{vers(p —e) | e active}
dlgg(p) = co{vers(p —v) | v active}

e "move away from closest edge” =+ gradient flow for smg

“move toward furthest vertex” = — gradient flow for Ig,

e Analytic proof: By LaSalle, gradient descent converges to IC, CC because:

0€dsmg(p) <<= pelCQ)
0€dlgy(p) <<= p=CCQ)

e unique incenter and convergence in finite time if 0 € int(J1g),
0 € int(0smg)

Distributed gradients for min/max network optimization

state: x = (Z1,...,%m)
performance/penalty of ith agent:

fi = fz(xluj\/z)

‘ max,, f(z) = max, min; f;(z) ‘ or ‘ min, f(z) = min, max; f;(z) ‘

Generalized gradient descent: & = + Ln[0f](x)
However, only active x; move and only active x; reach optimum
Need to know who are active at all times: comparison must be performed
Hence, centralized solution with local critical points (saddle points)

Distributed generalized gradient descent: &; = &+ Ln|0;, fi](z;)
Need to show: Ln[0f]-Ln[0,, fi](z;) sign definite (fewer/no saddle points)

Multi-center problems revisited

Rewrite Hsp(P) = min; F;(P) and Hpc(P) = max; G;(P)

Fi(P) = smy;,p)(ps) Gi(P) = lgy,(p)(pi)

Before smq and lg, LL&R. Now, dependence on region makes analysis
much more involved

Useful Theorem: Functions G; and F; : Q — R are LL&R
e As a consequence, both Hsp and Hpc are LL&R.

e Moreover, closed-form expression for 9Hsp and IHpc as convex
combinations of 0F;(P) and 0G;(P)



Computation of 0G;(P) and 0F;(P) is challenging

OG;(P) = co {9,Gi(P) € (R?)™ | v € Ve(V;(P)) such that G;(P) = |lp; — v||}

where if vertex v is nondegenerate

® Oy(i,j i) Gi(P) = Oy(h,i, ) Gr(P) = Ou(j ki) G (P) =
0,...,u(i, 4, k) vers(p; — v), ...

ith place

(s kyi) vers(p; — v), ..., u(k, 4, j) vers(py — v),...,0)

kth place

Jjth place

® v(e,i,j)Gi(P) = av(c,j,i)Gj(P)
=(0,...,X(e,4,7) vers(p; — v), ..., A(e, j, i) vers(p; —v),...,0)

ith place Jth place

® Oy(e,1,)Gi(P) = (0,...,0,vers(p; —v),0,...,0).
N—— —

ith place

Di Di

proj.(pj — vle,i, ) = Ae,i,5) proj(p; —pi) |

If vertex v is degenerate (i.e., determined by d > 3 elements -generators or edges),
d—1

then there are (*

) pairs of elements determining v together with the generator p;.

9yG;(P) = 0 {8y(a,p.,)Gi(P) | ¥(a,3,7) determining v}

(i) Analogous expression for OF;(P)

(i) Note relation with 0smy; (p;) and 0lgy, (p;) at fixed V;

Critical points

OHpc(P) = co{0G,(P) | i € I(P)}
OHsp(P) = co {OF;(P) | i € I(P)}

If 0 € int OHpc(P), then P is a strict local minimum, all generators
have same cost, and P is a circumcenter Voronoi configuration

If 0 € int OHsp(P), then P is a strict local maximum, all generators
have same cost, and P is a generic

Dynamical systems -revisited

Nonsmooth gradient descent

P=_ Ln(0Hpc)(P) or pi =
P = 4 Ln(0Hsp)(P) or

—m;(Ln(0Hpc) (p1, - - -
pi = +mi(Ln(0Hsp)(p1, - - -

1 Pn))
7pn))

e Generators' location P = (p1,...,pn) converges asymptotically to the set

of critical points of Hpc, respectively Hsp.

e Implementation is centralized:
(i) all G;(P),
generator is active.

(it) Ln(0Hpc)(P), Ln(0Hsp)(P) depend on the relative position of the
active generators with respect to each other and to the environment

F;(P) need to be compared in order to determine which



Nonsmooth dynamical systems based on distributed gradients

pi = —Ln(01gy,(p))(P)
pi = +Ln(0smy,(p))(P)

e Vector fields are discontinuous, Filippov solutions

(at fixed V;)
(at fixed V;)

e Given P € Q", solutions of dynamical systems starting at P are unique

o Relation with behavior-based robotics

(i) “move toward the furthest vertex in own Voronoi cell”

(i) “move away from the closest wall in own Voronoi cell”

e Generators' location P converges asymptotically to largest weakly invariant

set in closure of

ADC(Q) = {P S Qn ‘ 1€ ](P) = pi = CC(V;)}
Asp(Q) = {P € Q" | i € I(P) = p; € IC(V;)}

Dynamical systems based on geometric centering

pi= CC(V;) — p;
pi€ 1C(V;) — ps
e Circumcenter vector field is continuous. Incenter differential inclusion:
existence of solutions can be established
e Q™ is invariant for both vector fields
e P converges asymptotically to largest weakly invariant set in closure of

)}
- p; € IC(V;)}

Apc(Q) ={PeQ" | i€ I(P)=p; = CC(V;
Asp(Q) ={P e Q" | i€ I(P) .

GEOMETRIC AND NONSMOOTH ANALYSIS OF MULTI-CENTER COST FUNCTIONS

Hc

Hoc

Hsp

DEFINITION E [mind(q,p;)]

max {min d(q,
maxx {min d(g, pi)}

?;i?{%d(pqypj),d(pq,ﬁQ)}

SMOOTHNESS | C!

regular, globally Lipschitz

regular, globally Lipschitz

CRITICAL PTS | Centroidal Voronoi conf

Circumcenter Voronoi conf*

Incenter Voronoi conf*

HEURISTIC expected distortion

disk covering

sphere packing

PROPERTIES OF DYNAMICAL SYSTEMS BASED ON

GEOMETRIC CENTERING AND NONSMOOTH GRADIENT

pi = — Ln[01gy, p))(P)

pi = Ln[0smy, p](P)

pi = CM(Vi(P)) — p:

pi = CO(Vi(P)) — p:

pi €IC(Vi(P)) — pi

SMOOTHNESS discontinuous discontinuous

co

co

upper semicontinuous

DISTRIBUTED
CHARACTER

Voronoi neighbors closest neighbors

Voronoi neighbors

Voronoi neighbors

Voronoi neighbors

CRITICAL PTS | Circumcenter Voronoi conf

Incenter Voronoi conf

Centroidal Voronoi conf

Circumcenter Voronoi conf

Incenter Voronoi conf

LYAPUNOV F. Hpc Hsp

Hc

Hoc

Hsp

HEURISTIC “move toward furthest “move away from

vertex of own cell” closest neighbor”

“move toward
centroid of own cell”

“move toward circumcenter
of own cell”

“move toward incenter
set of own cell”

Active tend to circumcenter
of own Voronoi cell

ASYMPTOTIC

BEHAVIOR of own Voronoi cell

Active tend to incenter

All tend to centroid
of own Voronoi cell

Active tend to circumcenter
of own Voronoi cell

Active tend to incenter
of own Voronoi cell




